A new short proof is given showing that infinite compact groups contain dense pseudocompact subgroups of small cardinality.
A proof of Theorem 1 is contained in [8] , but a much shorter and more elegant proof is available using a theorem of Kuz'minov [6] .
Theorem (Kuz'minov). Every compact group G is the continuous image of some product space {0, 1 }m where {0, 1} is the two element group with the discrete topology.
It is easy to show (see [2] ) that m can be taken equal to w(G) so that G is the continuous image of {0, 1 }™<(7).
Proof of Theorem 1. Let w(G) =2" for some infinite cardinal n. From [5] we know that {0, 1 }2" regarded as an Abelian group contains a subset S of cardinal ^«No which meets each nonempty Baire set in {0, 1}2". The continuous image of 5 in G has cardinal ^ «No and meets each nonempty Baire set of G. By a theorem of Comfort and Ross [l], the group generated by the continuous image of 5 is the desired dense pseudocompact subgroup H of cardinal a«**». (Note that the cardinal of G is 22".)
Connected and divisible pseudocompact subgroups. It is also
shown by Comfort and Ross [l ] that when H is a dense pseudocompact subgroup of a compact group G, then G is the Stone-Cech compactification of H. It is well known (see [3] ) that H is connected if and only if ßH, its Stone-Cech compactification, is connected. In light of this it is tempting to conjecture that the following theorem of Mycielski [7] for compact groups also holds for pseudocompact groups.
Theorem (Mycielski) . A compact group G is divisible if and only if it is connected. Lemma 1. If H is a dense divisible subgroup of a compact group G, then G is divisible.
Proof. Given gEG and an integer n?¿0, there exists a net hi in H which converges to g. Since H is divisible, for each i there is an xtEH such that x" =hi. Now the net x¿ in the compact set G has a subnet Xik converging to some point xEG. Clearly xn = g. Theorem 2. If a group H is pseudocompact and divisible, then it is connected.
Proof. By Lemma 1, ßH is a compact divisible group and thus is connected by Mycielski's Theorem. It follows that H is connected.
Unfortunately, connected does not imply divisible for pseudocompact groups as the following example shows. Example l.1 Let F be the group of real numbers modulo 1 under addition modulo 1. Let G be the product Fn for some uncountable cardinal n. Clearly G is connected and divisible. Let H= jxGG^¡ = 0 for all but at most countably many i}. Then ii is a dense pseudocompact subgroup of G (see [l] ). The group K generated by H and the point p all of whose coordinates are V2/2 is pseudocompact and connected but is not divisible because p9é2x for any xEK.
Thus connected pseudocompact groups are not necessarily divisible and dense subgroups of compact divisible groups are not necessarily divisible. It is known (see [4] ) that a compact Abelian group G is solenoidal if and only if G is connected and w(G) ^c.
Theorem
3. Every compact connected Abelian group except T contains a dense proper connected subgroup provided that w(G)^c or w(G)^o = w(G).
Proof. If w(G)^c, then G is solenoidal and the theorem follows from Lemma 2. If w(G)Ho=w(G), then the theorem follows from Theorem 1 and the fact that a dense pseudocompact subgroup of G is connected if and only if G is connected. In this case the dense proper connected subgroup will be pseudocompact.
